


BOX 5.1. DIMENSIONAL ANALYSIS

Dimensional analysis is a powerful technique used to explore likely relationships between an observed phenomenon and the

physical variables associated with it. Most physical quantities can be expressed in terms of some combination of five dimen-

sions: length (L), mass (M), time (T), electrical current (I), and temperature (£).

For example, let’s say that we would like to know what physical attributes determine the period of a swing. The physical

characteristics of the swing are its mass (m, [M]) and the length of the rope (I, [L]). The restoring force acting on it is gravity

(associated with the gravitational acceleration g [L/T?]). How can we use all of these variables to obtain the dimension of time

associated with the period of the swing? The only combination that provides this dimension is 4/ | /g . Surprisingly (to some),

this simple analysis suggests that the mass of the swing plays no role. These results can easily be verified empirically.

Dimensional analyses have been very useful in fluid dynamics in general and in geophysical fluid dynamics in particular,

given the complexity and nonlinearity of the ruling mathematical descriptions. Use of dimensions and scaling helps to simplify

equations (by “scaling out” terms) to study a given phenomenon.

from surface to depth both scale with its wavelength). The wave
is at the interface, but motion associated with the wave is felt at
depth. To test whether wave velocity is dependent on the fluid’s
depth, we do the following activity.

Each group of students receives a small rectangular tank
(L = 30-cm long). The tanks are filled with water 1.5-cm deep.
Students are asked to create a wave by lifting one side of the tank
off the table, then setting it back down, and to record the number
of times the disturbance bounces back and forth from the walls
in a time interval of 5 s (there are ~ 6 sloshes during this period;
Figure 5.1). Students are then asked to figure out how to turn
this information into a measure of velocity (length of tank
times sloshes per unit time = 30 cm x 6/5 s = 0.36 m/s vs. the
velocity calculated from dimensional analysis: \/gH = 0.38 m/s).
Expected uncertainties are on the order of 10-20% (given reac-
tion time and accuracy of locating the position of perturba-
tion at the end). The tanks are then filled to a depth of 6 cm.
Repeating the measurements of wave propagation indeed shows
that the wave bounces about 12 times in 5 s (velocity = 0.72 m/s
vs. the velocity calculated from dimensional analysis:
\/gH = 0.76 m/s). Note that no dependence on the initial wave
amplitude (variable between groups) is observed. The wave in
the tank has a wavelength of 60 cm (A >> H). We discuss the
fact that if the theoretical prediction is correct (dependence
on~/H ), quadrupling the depth should double the wave
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velocity and hence the distance traveled in 5 s (as is observed).
If multiple groups participate or if replications are done,
statistical descriptors of the results, such as mean and median
speeds and measures of variance and their uncertainties, can be
introduced and computed.

At this stage, we ask the students whether a tsunami is a deep
or shallow water wave. Because a tsunami’s lateral extent is
determined by the length of the fault zone ruptured during the
earthquake (~ 100,000 m) and the maximal depth of the ocean
is significantly smaller (~ 11,000 m), it qualifies as a shallow
water wave. Then, why is it so destructive? Given that speed is
depth-dependent (~ \/H ), surface gravity waves slow down as
bathymetry shoals and wavelength shortens. That is, the “front”
of the shallow water wave propagates slower than its “back” when
depth decreases. Wave shoaling increases the wave’s steepness
(as trough and crest get closer), causing the wave to eventually
break. In the open ocean, a tsunami might have a speed of several
hundred kilometers per hour and a height of only a few centi-
meters, but as the wave approaches shore, its speed slows and its
height increases significantly, sometimes up to many meters.

The slowing of waves in shallow water also causes wave refrac-
tion when waves arrive at a beach at an angle. Wave refraction,
well known to some from Snell’s Law, refers to the change of
wave front directions due to a change in propagation speed. As

a wave approaches the shore at an angle and “feels” the seafloor,



the “wave train” in shallow depth slows compared to the part at
deeper depth, causing it to align more closely with bathymetric
contours. Many good images of wave refraction can be found on

the Web by using Google Image Search.

ACTIVITY 5.2. INTERNAL WAVES (Figure 5.2)

Materials

+ Rectangular tanks with a divider (from sciencekit.com)

+ Stopwatches

+ Two containers: one with freshwater and the other with
dyed salty (or sugary) water (approximately 75 g kosher salt
dissolved in 1 L tap water)

Procedure and Explanation

The same rectangular tanks are used to demonstrate and discuss
internal waves that form at the interface of fluids of different
densities (e.g., stratified layers in the ocean; see Activity 1.4). The
tanks can be separated into two compartments by inserting a
plastic divider. Students are asked to fill one compartment with
freshwater and the other with salty (or sugary) dyed water, and
they are asked to predict what will happen when the barrier is
removed (see also Activity 1.4). The barrier is then removed, and
the denser fluid flows under the less-dense fluid. Once the fluid
from each compartment reaches the opposite end of the tank,

an internal wave propagates back and forth along the interface
between the two differently colored fluids (Figure 5.2). Students

are asked to measure the wave’s speed, which is significantly

slower than both surface gravity waves they encountered earlier.

Figure 5.2. Internal waves. An internal wave at the interface between two fluids
of different densities (dense blue water and less-dense clear water). A wave
paddle that can be used to demonstrate resonance (see text) is shown on the
right side of the tank, and a piece of plastic that simulates shallowing topog-
raphy is shown on the left side of the tank.
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In the ocean, breaking internal waves are responsible for mixing
of heat and nutrients at the base of the mixed layer and in the
vicinity of steep topography (e.g., Kunze and Llewellyn Smith,
2003). Internal waves can also uplift waters from darkness to a
sunlit position closer to the surface where phytoplankton popu-
lations may get sufficient light for growth. For the same excita-
tion energy and wavelength, the amplitude of internal gravity
waves is significantly larger than that of surface gravity waves,
because the gravitational restoring force (and potential energy
associated with these waves) for a given wave height is smaller
for internal waves, given the small density contrast between the
layers of water as compared to that of water and air for surface
gravity waves. (For an alternative illustration of internal waves,
see Franks and Franks, 2009.)

At this stage, we introduce the concepts of seiche and reso-
nance. When we perturbed the two-layer system by lifting the
tank divider, many waves were initially excited. But only those
that fit (resonate) with the geometry of the basin remain. We end
up with a single wave that propagates back and forth in the tank
with a specific rhythm. Similar to a musical instrument where a
different primary tone is produced for a given size of string or air
chamber, the geometry of a water basin (e.g., the experimental
tank, a lake, or a bay) determines which waves are excited when
forcing is applied and then released (e.g., due to a storm passage).
These waves are the “natural” modes of the basin and are termed
“seiche”; their frequency is described as the “natural” frequency.
Forcing a tank at its natural frequency excites these waves, a
phenomenon termed “resonance” To demonstrate resonance, we
use a wave paddle (a wide piece of plastic about 2-cm high, with a
width similar to that of the tank; Figure 5.2). We lower and raise
the paddle in a stratified tank at a period matching the period
of the waves excited earlier. That is, when we apply short-period
forcing (i.e., lowering and raising the paddle at a frequency
of ~ 1s), surface gravity waves are formed (beware of spilling).
When a longer period of forcing is applied (i.e., lowering and
raising the paddle at a frequency of ~ 10 s), internal waves are
formed. A piece of plastic inserted at an angle at one end of the
tank will simulate shallowing topography, allowing the observa-

tion of breaking internal waves (Figure 5.2).

ACTIVITY 5.3. BUOYANCY OSCILLATIONS
(Figure 5.3)

Materials

+ A tall graduated cylinder with a stratified fluid (salty water on

the bottom and freshwater on top)
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Figure 5.3. Buoyancy oscillations. An object of intermediate density rests
between layers of dense bottom fluid and less-dense top fluid. If pushed down,
the object will oscillate with a frequency dependent on the difference between
fluid densities.

A ping-pong ball with clay attached as ballast (or a test tube
filled with washers [weights] for ballast) such that the ball (or

test tube) stays put near the interface between the two fluids.

Procedure and Explanation
Buoyancy oscillations, the highest-frequency internal waves
found in the ocean, can be easily demonstrated using a gradu-
ated cylinder and a calibrated float (Figure 5.3, left panel)
or a weighted ping-pong ball with clay attached as ballast
(Figure 5.3, right panel). Dense, salty water is introduced and
overlaid with freshwater. The float is introduced at the inter-
face between the two layers and is perturbed by pushing it
downward with a thin rod. The oscillation’s frequency (called
the buoyancy or Brunt-Vaisalla frequency) is a function of
the contrast in density between the two layers. The frequency
is proportional to the square root of the density gradient, as
expected from dimensional analysis. Students can examine this
dependence by timing the oscillations in graduated cylinders
containing different density gradients. For advanced students,
the mathematical description of this problem can be introduced.
The mathematics is relatively simple (culminating in a one-
dimensional wave equation) and rewarding (e.g., Gill, 1982).
The subject of fluid waves is vast and fascinating (see, for
example, the advanced textbooks by LeBlond and Mysak, 1978,
and Lighthill, 1978). Fluids support a wide variety of waves,
spanning physics topics from surface tension, to sound, light,
and gravity waves, to vortical planetary waves (large-scale waves
with significant angular momentum, affected by Earth’s rotation).
Because waves are the information-carriers in a fluid, any change

in forcing (e.g., a change in wind patterns over the ocean) results
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in the excitation of waves. An example is the La Nifa/El Nifio
transition, when the trade winds are significantly weakened over
the equatorial Pacific region. This change excites Kelvin waves
that propagate from west to east along the equator, as can be
observed in remotely sensed images of the height of the ocean’s
surface (e.g., http://oceanmotion.org/html/impact/el-nino.htm).
Impacts on the ocean’s biology can be observed in remotely
sensed ocean color data/images as well (e.g., http://svs.gsfc.nasa.

gov/stories/elnino/index.html).
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